In this paper, the existence theorems of fixed points and common fixed points for two weakly increasing mappings satisfying a new condition in ordered metric spaces are proved. Our results extend, generalize and unify most of the fundamental metrical fixed point theorems in the literature. MSC: 47H09; 47H10
Introduction and preliminaries
The classical Banach contraction principle is one of the most useful results in nonlinear analysis. In a metric space, the full statement of the Banach contraction principle is given by the following theorem.
Theorem . Let (X, d) be a complete metric space and T : X → X. If T satisfies d(Tx, Ty) ≤ kd(x, y) (.)
for all x, y ∈ X, where k ∈ [, ), then T has a unique fixed point.
Due to its simplicity and usefulness, it has become a very popular tool in solving existence problems in many branches of mathematical analysis and its has many applications in solving nonlinear equations. Then, several authors studied and extended it in many direction; for example, see [-] and the references therein.
Despite these important features, Theorem . suffers from one drawback: the contractive condition (.) forces T to be continuous on X. It was then natural to ask if there exist weaker contractive conditions which do not imply the continuity of T. In , this question was answered in confirmation by Kannan [] , who extended Theorem . to mappings that need not be continuous on X (but are continuous at their fixed point, see [] ).
On the other hand, Sessa [] introduced the notion of weakly commuting mappings, which are a generalization of commuting mappings, while Jungck [] generalized the notion of weak commutativity by introducing compatible mappings and then weakly compatible mappings [] . http://www.journalofinequalitiesandapplications.com/content/2012/1/263
In , Berinde [] defined the notion of a weak contraction mapping which is more general than a contraction mapping. However, in [ Let T and S be two self mappings in a metric space (X, d). The mapping T is said to be a S-contraction if there exists k ∈ [, ) such that d(Tx, Ty) ≤ kd(Sx, Sy) for all x, y ∈ X.
In , Al-Thagafi and Shahzad [] proved the following theorem which is a generalization of many known results.
Theorem . ([, Theorem .]) Let E be a subset of a metric space (X, d) and S, T be two selfmaps of E such that T(E) ⊆ S(E). Suppose that S and T are weakly compatible, T is an S-contraction and S(E) is complete. Then S and T have a unique common fixed point in E.
Recently Babu et al. [] defined the class of mappings satisfying condition (B) as follows.
Definition . Let (X, d) be a metric space. A mapping T : X → X is said to satisfy condition (B) if there exist a constant δ ∈ (, ) and some L ≥  such that
for all x, y ∈ X.
They proved a fixed point theorem for such mappings in complete metric spaces. They also discussed quasi-contraction, almost contraction and the class of mappings that satisfy condition (B) in detail.
In recent year, Ćirić et al.
[] defined the following class of mappings satisfying an almost generalized contractive condition. Definition . Let (X, d) be a metric space, and let S, T : X → X. A mapping T is called an almost generalized contraction if there exist δ ∈ [, ) and L ≥  such that
Definition . Let (X, ≤) be a partial ordered set. We say that x, y ∈ X are comparable if x ≤ y or y ≤ x holds.
Definition . Let (X, ≤) be a partial ordered set. A mapping T : X → X is said to be nondecreasing if Tx ≤ Ty, whenever x, y ∈ X and x ≤ y.
Definition . Let (X, ≤) be a partial ordered set. Two mappings S, T : X → X are said to be strictly increasing if Sx < TSx and Tx < STx for all x ∈ X.
In , Ran In this paper, we introduce a new class which extends and unifies mappings satisfying the almost generalized contractive condition and establish the result on the existence of fixed points and common fixed points in a complete ordered space. This result substantially generalizes, extends and unifies the main results of Ćirić et al. [, Theorems ., ., ., .], Theorem ., and several comparable results in the existing literature regarding the existence of a fixed and a common fixed point in ordered spaces.
Fixed point theorems for a generalized almost (φ, ϕ)-contraction
First we introduce the notion of generalized almost (φ, ϕ)-contraction mappings.
Definition . Let (X, ≤) be a partially ordered set, and let a metric
d exist on X. A map- ping T : X → X is called a generalized almost (φ, ϕ)-contraction if there exist two map- pings φ : X → [, ) which φ(Tx) ≤ φ(x) and ϕ : X → [, ∞) such that d(Tx, Ty) ≤ φ(x)M(x, y) + ϕ(x) min d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx) (.) for all comparable x, y ∈ X, where M(x, y) = max{d(x, y), d(x, Tx), d(y, Ty), d(x,Ty)+d(y,Tx)  }.
Theorem . Let (X, ≤) be a partially ordered set, and let a complete metric d exist on X. Let T : X → X be a strictly increasing continuous mapping with respect to ≤ and a generalized almost (φ, ϕ)-contraction mapping. If there exists x
Proof If Tx  = x  , then x  is fixed of T and we finish the proof. Now, we may assume that
We construct the sequence {x n } in X by
for all n ≥ . Since T is strictly increasing, we have that
, which implies that the sequence {x n } is strictly increasing. Note that
Since x n and x n+ are comparable, we get
which is a contradiction. Thus, we have
for all n ∈ N. Therefore, from (.), we have
. . .
for all n ≥ . Now, for positive integers m and n with m > n, we have
Since φ(x  ) ∈ [, ), if we take the limit as m, n → , then d(x n , x m ) → , which implies that {x n } is a Cauchy sequence. Since X is complete, there exists a z ∈ X such that x n → z as n → ∞. It follows from the continuity of
Therefore, z is a fixed point of T. Proof Suppose that Tx = x for all x ∈ X. Following similar arguments to those given in Theorem ., we obtain an increasing sequence {x n } such that x n → z as n → ∞ for some z ∈ X. By the given hypothesis, we have x n ≤ z for all n ∈ N. Therefore,
Taking the limit as n → ∞, we get that
which is a contradiction. Therefore, there exists z  ∈ X such that Tz  = z  which implies that z  is a fixed point of T. The following theorem deals with the existence of a common fixed point of two weakly increasing mappings which is more general and covers more than the result of Ćirić et al. Proof Let x  be an arbitrary point in X. We construct the sequence {x n } in X such that x n+ = Tx n and x n+ = Sx n+ (.) for all n ≥ . Since S and T are strictly weakly increasing, we get
and
for all n ≥ . Since x n and x n+ are comparable, we get
If for some n ∈ N, max{d(
which is a contradiction. Thus,
for all n ∈ N. Therefore, from (.), we have
for all n ∈ N. Similarly, it can be proved that
for all n ∈ N. It follows from the proof of Theorem . that
for all n ≥ . Similarly to the proof of Theorem ., we get {x n } is a Cauchy sequence. It follows from the completeness of X that there exists a z ∈ X such that x n → z as n → ∞. Suppose that T is continuous, then T(T n x  ) = T n+ x  → z. This implies that Tz = z. Therefore, z is a fixed point of T. Suppose that Sz = z. Since z ≤ z. Therefore,
which is a contradiction. Therefore, Sz = z and then z is a common fixed point of S and T. Similarly, it can be proved that S and T have a common fixed point if S is continuous. for all n ≥ . Letting n → ∞, we have Sx n → z = Sz. Therefore, S is continuous at z ∈
F(S, T). Similarly, it can be shown that T is continuous at z ∈ F(S, T).
Remark . In fixed point theory, after the remarkable paper of Huang and Zhang [], cone metric spaces have been considered by several authors. The results and theorems in this paper can be also generalized to cone metric spaces. http://www.journalofinequalitiesandapplications.com/content/2012/1/263
